In this paper, we derive an implicit finite difference approximation equation of the one-dimensional linear time fractional diffusion equations, based on the Caputo's time fractional derivative. Then this approximation equation leads the corresponding system of linear equation, which is large scale and sparse. Due to the characteristics of the coefficient matrix, we use the Accelerated Over-Relaxation (AOR) iterative method for solving the generated linear system. One example of the problem is presented to illustrate the effectiveness of AOR method. The numerical results of this study show that the proposed iterative method is superior compared with the existing one weighted parameter iterative method.
Introduction
Fractional partial derivatives equations (FPDEs) have been used to govern many linear problems in variety of applications field by using fractional calculus. Therefore, there are many successful mathematical models, which are based on fractional partial derivative equations (FPDEs), have been developed [1, 2, 3, 4] . Supposing a fractional derivative replaces the first-order time partial derivative in a diffusion model, in which this matter leads to slower diffusion [1] . In order to solve one dimensional time fractional diffusion model with constant coefficient, analytical and/or numerical solutions are available by using transform method which is one method used for numerical solution of the fractional diffusion equations (FDE) [1, 5, 6] , finite elements together with the methods of line [3] , explicit and implicit finite difference methods [7, 8, 9] . In fact, these finite difference schemes are available in the literature [9, 10] . As we know, the explicit methods are conditionally stable.
Due to the stability of finite difference discretization schemes, this paper deals with the application of the implicit discretization scheme and Caputo's fractional partial derivative of order  being used to discretize the time-fractional diffusion equation and derive a Caputo's implicit finite difference approximation equation. This implicit finite difference approximation equation will lead the tridiagonal linear system in which the properties of the coefficient matrix of the linear system are sparse and large scale. To solve any linear system, it can be observed that many iterative methods have been proposed to solve any system of linear equations. For instance, further discussions of various iterative methods have been discussed by Young [12, 13, 14] , Hackbusch [15] and Saad [16] . In addition to that, Evans [17] has also proposed block iterative methods via the Explicit Group (EG) iterative methods in order to speed up the convergence rate. Again, it can be found that the concept of block iteration has been expanded by other researchers (Ibrahim and Abdullah [23] , Evans and Yousif [24, 25] , Yousif and Evans [18] ) to demonstrate the efficiency of its computation cost. Apart from these iterative methods, Hadjidimos [20] has initiated the Accelerated Over-Relaxation (AOR) method which is based on the point iterative method together with two weighted parameters. Actually this iterative method is one of the efficient point iterative methods. To accelerate the convergence rate of this iteration, Martins et al [26] have combined the concept of the EG iterative method together with the AOR method in which this combination is called as the Explicit Group AOR (EGAOR) method for solving elliptic partial differential equations. They pointed out that the 4 point-EGAOR method is superior compared to the existing point AOR method. Due to the advantages of the AOR method for solving partial differential equations, the main objective of this paper is to construct and examine the effectiveness of the Accelerated Over-Relaxation (AOR) iterative method for solving time fractional parabolic partial differential equations (TPPDE's) based on the Caputo's implicit finite difference approximation equation. To examine the effectiveness of the AOR method, we also implement the Successive Over-Relaxation (SOR) and Gauss-Seidel (GS) iterative methods being used control methods.
To indicate the effectiveness of AOR method, let time fractional parabolic partial differential equation (TPPDE's be defined as
where a(x), b(x) and c(x) are known functions or constants, whereas α is a parameter which refers to the fractional order of time derivative.
Preliminaries
Before constructing the finite difference approximation equation of Problem (1), we need to consider the following definitions and properties of fractional derivative theory which are used in this paper. 
To find the numerical solution of Problem (1), we derive the Caputo's implicit finite difference approximations of Problem (1) with Dirichlet boundary conditions. To do this, we need to consider the non-local fractional derivative operator. This approximation equation can be categories as unconditionally stable scheme .Based on Problem (1), the solution domain of the problem has been restricted to the finite space domain
, whereas the parameter  refers to the fractional order of time derivative. To solve Problem (1), let us assume the initial and boundary conditions of Problem (1) be given as 
The organization of the paper is as follows: In Section 2, the formula of the Caputo's fractional derivative operator and numerical procedure for solving time fractional diffusion equation (1) by means of the implicit finite difference method are given. In Section 3, formulation of the AOR iterative method is introduced. In Section 4 shows numerical example and its results and conclusion is given in Section 5.
Approximation For Fractional Diffusion Equation
In this section, the first order approximation method for the computation of Caputo's fractional partial derivative is then stated as the following expression
In which we define
By using formula (5) 
is given as
According to Eq. (6), the discrete equation is known as the fully implicit finite difference approximation equation which is consistent first order accuracy in time and second order in space. Again the approximation equation (6) can be rewritten based on the specified time level. Therefore, we have for 2  n : 
Also, we get for n = 1,
Based on Eq. (7b), it can be seen that the tridiagonal linear system can be constructed in a matrix form as
Formulation of Accelerated Over-Relaxation Iterative Method
Based on the tridiagonal linear system in Eq. (8), it is clear that the characteristics of its coefficient matrix are large scale and sparse. As mentioned in Section 1, many researchers have discussed various iterative methods such as Young [12, 13, 14] , Hackbusch [15] , Saad [16] , Evans [17] , Yousif and Evans [18, 19] , and Othman and Abdullah [20] . To obtain numerical solutions of the tridiagonal linear system which is generated by the Caputo's implicit finite difference approximation equation, we consider the Accelerated Over-Relaxation (AOR) iterative method [20, 21] , which is the most known and widely using for solving any linear systems. To formulate AOR method, let the coefficient matrix A in (8) Thus, AOR iterative method can be defined generally as [21, 22] 
where   k Ũ represents an unknown vector at k th iteration. The implementation of the AOR iterative method can be described in Algorithm 1. iii Display approximate solutions.
Numerical Example
In this section, we apply the approximation equation (7), in order in getting numerical solution of time fractional diffusion equation. One example of the time fractional diffusion equation was tested for verify the effectiveness of the Gauss-Seidel (GS), Successive Over-Relaxation (SOR) and Accelerated Over-Relaxation (AOR) iterative methods. For comparison purpose in indicating the effectiveness of these three proposed iterative methods, three criteria will be considered such as number of iterations, execution time (in seconds) and maximum absolute error at three different values of α = 0.25, α = 0.50 and α = 0.75. For implementation of point iterations, the convergence test considered the tolerance error, which is fixed as  = 10 10  . Consider the time fractional initial boundary value problem be given as [22]    
where the boundary conditions are stated in fractional terms (12) and the initial condition 
it can be shown that the analytical solution of Problem (11) is given as
All results of numerical experiments for Problem (11) , obtained from implementation of GS, SOR and AOR iterative methods are recorded in Table 1 at different values of mesh sizes, m = 128, 256, 512, 1024, and 2048. 
Conclusion
For the time fractional diffusion problems, the paper presents the formulation of the Caputo's implicit finite difference equations to generate a linear system. Then to solve the generated linear system, the formulation and implementation of these three proposed iterative methods such as GS, SOR and AOR have been presented based on the Caputo's implicit finite difference approximation equation. From observation of all experimental results by imposing the GS, SOR and AOR iterative methods, it is obvious at 25 0.   that that number of iterations declined approximately by 0.66-18.53% corresponds to the AOR iterative method compared with the SOR method. Again in terms of execution time, implementations of AOR method are much faster about 53.39-78.57% than the SOR method. It means that the AOR method requires the least amount for number of iterations and computational time at 25 0.   as compared with GS and SOR iterative methods. This is due to the implementations of AOR iterative method have been accelerated by using the optimal value of the two weighted parameters, ω and  . In fact, these conclusions are inline with the results of Othman and 
